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� In this paper we study generalized infinite iterated funcion systems 
(GIIFS) formed by Meir-Keeler functions. 

� Definition 1: Let �, �  be a metric space. A function �: � → � is called 
a Meir-Keeler function if for every � > 0, there exists 
 > 0 such that 

� �, � < � + 
 implies � � � , � � < �. 

� Usually, when we deal with functions of multiple variables we have 
three types of Meir-Keeler functions. Thus: 

� Definition 2: Let �, �  be a metric space and � ∈ ℕ∗. A function 
�: �� → � is said to be: 

- weak Meir-Keeler if for every � > 0 , there exists 
 > 0  such that 
η ≤ � �� , �� < � + 
 for every � = 1,� implies 

� � ��, … , �� , � ��, … , �� < �. 
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- Meir-Keeler if for every �� > 0 , there exists 
 > 0  such that �� ≤
� �� , �� < �� + 
 for every � = 1,� implies 

- � � ��, … , �� , � ��, … , �� < max� �,� ��. 

- strong Meir-Keeler if for every � > 0, there exists 
 > 0 such that 
� �� , �� < � + 
 for every � = 1,� implies 

� � ��, … , �� , � ��, … , �� < �.  

� Definition 3: Let �, �  be a metric space and � ∈ ℕ∗. A family of 
functions �!: �

� → �, " ∈ # is called uniformly strong Meir-Keeler if for 
every � > 0, there exist δ, % > 0 such that � �� , �� < � + 
 for every 
� = 1,� implies � �! ��, … , �� , �! ��, … , �� ≤ � − %	 for every " ∈ #. 

� We remark that Meir-Keeler implies weak Meir-Keeler, strong Meir-
Keeler implies weak Meir-Keeler and a Meir-Keeler function has the 
Lipschitz constant less or equal to 1. 
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� Definition 4: Let �, �  a complete metric space and �!: �
� → � a 

continuous function for every " ∈ #, where � ∈ ℕ∗.  

- �! !∈( is called bounded if for every bounded sets )�, … , )� ⊂ � we have 
⋃ �! )�, … , )�!∈(  bounded. 

- A generalized infinite iterated function system (GIIFS) consists of a 
bounded family of continuous functions �!: �

� → �	for every " ∈ #, where 
� ∈ ℕ∗ and it is denoted by ,� = ��, �! !∈( . 

- The fractal operator associated to a (GIIFS) is defined by -./ : ) � � →

) � , -./ )�, … , )� = ⋃ �! )�, … , )�!∈( , where ) �  is the set of 
nonempty bounded closed subsets of �. 

� Theorem 5: Let �, �  be a complete metric space and ,� =
��, �! !∈(  a (GIIFS). If the family �! !∈( is uniformly strong Meir-

Keeler, then the fractal operator -./  is strong Meir-Keeler (in 
particular -./  is weak Meir-Keeler). 
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� Theorem 6: Let �, �  be a complete metric space and �: �� → � a 
strong Meir-Keeler function. Then there exists a unique point 0 ∈ � 
such that � 0,… , 0 = 0 (i.e. � has a unique fixed point). 

� From theorems 5 and 6 we can conclude the following: 

� Theorem 7: Let �, �  be a complete metric space and ,� =
��, �! !∈(  a (GIIFS) such that the family �! !∈( is uniformly strong 

Meir-Keeler. Then there exists a unique set 1 ∈ ) �  such 
-./ 1,… , 1 = 1 (1 is called the attractor of ,�). 

� Example 8: Let � = 0,1  and �2: 0,1
3 → 0,1 , �2 �, � =

456

3789
+

�

378:
 

for every �, � ∈ 0,1  and ; ∈ ℕ. Then from straight computation one 

can prove that for every � > 0, there exist 
 = % =
<

=
> 0 such that 

�� − �3 < � + 
 and �� − �3 < � + 
 implies 

�2 ��, �� − �2 �3, �3 ≤ � − %.  
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Thus the family �2 2>? is uniformly strong Meir-Keeler and hence the 
fractal operator -.9  is strong Meir-Keeler. In this way, we have proved 

that there exists a unique set 1 ∈ ) 0,1  such that -.9 1, 1 = 1. We 

remark that 1 = 0,1 . 

� Similar results can be obtained for @ – functions. 

� Question 9: In the conditions of theorem 5, can we have -./  Meir-
Keeler? 
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